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INTRODUCTION

Dimensional analysis is a mathematical technique which makes use of the study of the
dimensions for solving several engineering problems. Each physical phenomenon can be
expressed by an equation giving relationship between different quantities, such quantities are
dimensional and non-dimensional. Dimensional analysis helps in determining a systematic
arrangement of the variables in the physical relationship, combining variables to parameters. It
is based on the non-dimensional principle of dimensional and uses the dimensions variables
affecting the phenomenon. Dimensional analysis has become an important tool for analysing

fluid flow problems. It is specially useful in presenting experimental results in a concise form.

COLLEGE OF ENGINEERING - dwssiuml| 84l

—@

abal @] esiagpls

YOUR WAY TC SUCCESS

The uses of dimensional analysis may be summarized as follows:

1. To test the dimensional homogeneity of any equation of fluid motion.

2. To derive rational formulae for a flow phenomenon.

3. To derive equations expressed in terms of non-dimensional parameters to show the relative
significance of each parameter.

4. To plan model tests and present experimental results in a systematic manner, thus making it

possible to analyze the complex fluid flow phenomenon.
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1. It expresses the functional relationship between the variables in dimensionless terms.

2. In hydraulic model studies it reduces the number of variables involved in a physical phenom-
enon, generally by three.

3. By the proper selection of variables, the dimensionless parameters can be used to make certain
logical deductions about the problem.

4. Design curves, by the use of dimensional analysis, can be developed from experimental data
or direct solution of the problem.

5. It enables getting up a theoretical equation in a simplified dimensional form.

6. Dimensional analysis provides partial solutions to the problems that are too complex to be
dealt with mathematically.

7. The conversion of units of quantities from one system to another is facilitated.
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The various physical quantities used in fluid phenomenon can be expressed in terms of fundamental
quantities or primary quantities. The fundamental quantities are mass, length, time and temperature,
designated by the letters, M, L, T, 0 respectively. Temperature is specially useful in compressible flow. The
quantities which are expressed in terms of the fundamental or primary quantities are called derived or
secondary quantities, (e.g., velocity, area, acceleration etc.). The expression for a derived quantity in terms of
the primary quantities is called the dimension of the physical quantity.

A quantity may either be expressed dimensionally in M-L-T or F-L-T system (some engineers prefer to use
force instead of mass as fundamental quantity because the force is easy to measure). Table 7.1 gives the

dimensions of various quantities used in both the systems.
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Table 7.1. Quantities used in Fluid Mechanics and Heat Transfer and their Dimensions

SNo. Quantity Dimensions
ML TSystem | F-L-T System ) )
(a) Fundamental Quantities el et
1. Mass, M M FL'T?
2. Length, L L L
3. Time, T T 0
(b) Geometric Quantitics
4 Area, A Tt 5
5. Volume, ¥ 1 5
6. Momeat of inertia a I’
(<) Kinematic Quantities
75 Linear velocity. u, I} U’ Tl !
g Angular velecity, @; rotational speed, N Tt T!
0. Acceleration, a i T
10. Angular acceleration, & T2 T2
11 Discharge. O i i Il
12. Gravity, g iT? T?
13. Kinematic viscosity, v ! [Tl
14 Stream function, v, circulation, T 1! !
15 Vorticity. € T T!
(d) Dynamic Quantities
16. Force, F MLT? F
17 Density. p M3 FL™T®
18 Specific weight. w ML o
19. Dynamic viscosity, ML FL™T
20. Pressure, p; shear stress, © ML FL?
21 Modulus of elasticity, E, K ML T FL?
22 Momentum mrT? FT
23 Angular or moment of MLT? FLT
24, Work, ¥ energy, E MLT? FL
25 Torque, T MLT? FL
26. Power, P MLT3 FLT!
(¢) Thermodynamic Quantitics
27. Temperature 6 8
28 Thermal conductivity ML 57! Frie!

Example. 7.1. Determine the dimensions of the following quantities:
(i) Discharge, (ii) Kinematic viscosity, (iii) Force, and (iv) Specific weight.

Solution. (7) Discharge = Area = velocity alasl @lf il
. YOURWAY TC SUCCESS
= Px>=" =11 (Ans)
r T
(if) Kinematic viscosity )= 13
p
where t is given by: T= du
dy
_ T _ Shearstress _ Force/area
"Cw L T T
dy T L
L
_ Mass x acceleration M x F ML
Area x 1/T 2xl ppe 1
T T
M 1] M M =
:—:MZITlaudp: ass _ M _ oy
LT Volume 3
-1 -1
Kinematic viscosity () = 2 % =L’T" (Ans.)
P ML

(#ii) Force = mass » acceleration
— M lengtil _ MZL
time T

Weight  Force 7MLT’2

iv) Specific weight = = = =ML>T2 (Ans.

=MLT (Ans.)
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A physical equation is the relationship between two or more physical quantities. Any

correctequation expressing a physical relationship between quantities must be abslel sy

wayTC SuccEss

dimensionally homogeneous and numerically equivalent. Dimensional homogeneity
states that every term in an equation when reduced to fundamental dimensions must
contain identical powers of each dimension. Let us consider the equation:
p =wh
Dimensions of LH.S. = ML 772
Dimensions of RH.S. = ML™> T2« L=ML"T?

Dimensions of L.H.S. = Dimensions of R.H.S.

Equation p = wh is dimensionally homogeneous: so it can be used in any
system of units.
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The principle of homogeneity proves useful in the following ways:

1. It facilitates to determine the dimensions of a physical quantity.

2. It helps to check whether an equation of any physical phenomenon is dimensionally g says
homogeneous or not. bl
3. It facilitates conversion of units from one system to another.

4. It provides a step towards dimensional analysis which is fruitfully employed to plan
experiments and to present the results meaningfully.

Example 7.2. Determine the dimensions of E in the dimensionally homogeneous Einstein’s Equation.

1
E=mc?|—-1
’ U\ 2
where v is the velocity and m is the mass. 1- (E)

Solution. Since the expression is dimensionally homogeneous, the term

1
2
v
B

ie., [e] = [v]=

should be dimensionless

—
e,

S

2
[E] = m[e] =M{%:|=ML2T_2

i.e. E has the dimensions of energy. (Ans.) _



1. Rayleigh’s method

2. Buckingham’s n-method

3. Bridgman’s method Al iy
4. Matrix-tensor method

5. By visual inspection of the variables involved

6. Rearrangement of differential equations.

7.4.1. Rayleigh’s Method

This method gives a special form of relationship among the dimensionless groups, and has the inherent
drawback that it does not provide any information regarding the number of dimensionless groups to be
obtained as a result of dimensional analysis. It is used for determining the expression for a variable which
depends upon maximum three or four variables only. In case the number of independent variables becomes
more than four, then it is very difficult to find the expression for the dependent variable.

if X is a variable which depends on X, X,, X;, ...X,; the functional equation can be written as:

X = f(X, X5, X5, ... X0)

X is a dependent variable, while X, X,, X, ....X, are independent variables. The Eqn. above can also be
written as:

X =C(X%,XP, X X )

Find an expression for the drag force on smooth sphere of diameter D, moving with a uniform velocity V in a
fluid density p and dynamic viscosity u.

Solution. The force drag F is a funcfion of alail o] sy

() Diameter D. (i} Velocity 7. FOUR W YO SICRE
(#fy Fluid density p. and () Dynamic viscosity .

Mathematically, F=f(D Vp.uw) or F=C(D%T%p% 1% (D)

where. C is a non-dimensional constant.

Using M-L-T system the corresponding equation for dimensions is:
MLT? = [CLP (LT . (ML (MLT'T 9
For dimensional homogeneity the exponents of each dimension on both sides of the equation
must be identical. Thus:

For M: 1=c=+d Y]
ForL: l=a+b-3¢c-4d (i
For T: 2 =-b-d .y

There are four unknowns (a, b, ¢, d) but equations are three in mumber. Therefore. it is not
possible to find the valves of @, &, ¢ and d. However, three of them can be expressed in terms of
Jfourth variable which is most importani. Here the role of viscosity is vital one and hence a, b, ¢ are
expressed in terms of d (f.e. power to viscosity)
. c=1-d ... from (7)
b=2-d ___ from (if#)
Putting these values in (7). we get:
a=1-b+3c+d=1-2+d+3(1-d)+d
=1-2+d+3-3d+d=2-d
Substituting these values of exponents in eqn. (1). we gef:
F = €[D*~? 124 pl-a iy

o
- _ 2 B
—qﬁﬂpw*wfof»m—C%DV{ag}}
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The efficiency n of a fan depends on the density p, the dynamic viscosity p of the fluid, the angular velocity @,
diameter D of the rotor and the discharge Q. Express 1 in terms of dimensionless parameters.

Solution. The efficiency n of a fan is a function of: S,“.”L‘?‘L?;‘i
(i) Density p, (i) Viscosity L.
(iff) Angular velocity . (iv) Diameter D, and

(v) Discharge Q.

Mathematically, n=fp.n.o.D Q)

or, n =i e D% Y (D

where C is a non-dimensional constant.
Using M-L-T system. the corresponding equation for dimensions is:
MeLeT® = (ML) (ML T (7 (0 (@ 7))
For dimensional homogeneity the exponents of each dimension on both sides of the equation
must be identical. Thus:

For M: 0=a+b
ForL: 0=-3a-b+d+3e
ForT: 0=—-b-c-e

There are five variables and we have only three equations. Experience has shown that
recognized dimensionless groups appear if the exponents of D, o and p are evaluated in terms of b
and e (exponents of viscosity and discharge which are more important)

a=—-bc=(b+te)
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d=3a+b-3e=3(-b)+b-3e=-2b-3e=—(2b+3e) alail @] gy
Substituting these values of exponents in eqn. (1). we get: =

n= C(p_b.ub.ﬂ)_(b+g).D_(2b+gg).QR)
- C(p—b . I-lb- GJ_b. m—eD—Zb -D—Se.Qe)

=% (2]
T
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When a large number of physical variables are involved Rayleigh’s method of dimensional analysis becomes
increasingly laborious and cumbersome. Buckingham’s method is an improvement over Rayleigh’s method. it il
Buckingham designated the dimensionless group by the Greek capital letter n(Pi). It is therefore often called >evewrresscsss
Buckingham z-method. The advantage of this method over Rayleigh’s method is that it lets us know, in

advance, of the analysis, as to how many dimensionless groups are to be expected.

Buckingham’s n-theorem states as follows:

“If there are n variables (dependent and independent variables) in a dimensionally homogeneous equation and if these
variables contain m fundamental dimensions (such as M, L, T, etc.) then the variables are arranged into (n-m)
dimensionless terms. These dimensionless terms are called n-terms.”

Mathematically, if any variable X,, depends on independent variables, X,, X3, X,, ....Xn; the functional equation may be
written as: X; = f (Xy, X3, X4, ... %) ...(7.3)

Eqn. (7.3) can also be written as: f,(Xy, X5, X3, ...X;,) = 0...(7.4)

It is a dimensionally homogeneous equation and contains n variables. If there are m fundamental dimensions, then according
to Buckingham’s n-theorem, it [eqn. (7.4)] can be written in terms of number of n-terms (dimensionless groups) in which
number of n-terms is equal to (n-m). Hence, eqn. (7.4) becomes as: f; (1, Py, P3 ---Pn_m) =0
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The resistance R experienced by a partially submerged body depends upon the velocity V, length

of the body I, viscosity of the fluid p, density of the fluid p and gravitational acceleration g.
Obtain a dimensionless expression for R.

sl o] esaypin
Solution. Step 1. The resistance R is a function of: RS
(i) Velocity 7. (if) Length /. (7i1) Viscosity 1.
(iv) Density p. and (v) Gravitational acceleration g.
Mathematically, R=f(V.lppg (D)
or. SR V.Iupg =0 ..(11)

.. Total number of variables. n= 6
m is obtained by writing dimensions of each variable as:
R=MLT? Vv =LT . u=ML'T . p=MI>.g = LT Thusthe
fundamental dimensions in the problem are M. L, T and hence m = 3
Number of dimensionless n-terms =n-m =6-3=3
Thus three n—terms say 7, 7. and 7y are formed.
The eqn. (77) may be written as:
Ji(mymy,my) = 0 . (i)
Step 2. Selection of repeating variables: Out of six variables R, ¥, [, 1L, p. g three variables (as m = 3)
are to be selected as repeating variables. R is a dependent variable and should nof be selected
as arepeating variable. Out of the remaining five variables one variable should have geometric
property, second should have flow property and third one should have fluid property: these
requirements are met by selecting /. ¥ and p as repeating variables. The repeating variables
themselves should not form a dimensionless term and must contain joinfly all fundamental

dimensions equal fo m i.e. 3 here. Dimensions of [, ¥ and p are L, LT !, ML and hence the
three fundamental dimensions exist in /, Fand p and also no dimensioniess group is formed



Step 3. Each n-term (= m + 1 variables) is written as given in eqn. (7.6). i.e.,
=17 p% R
n, =1 P % () bl gl ssdys

n,=1% ¥ ps g
Step 4. Each n-term is solved by the principle of dimensional homogeneity, as follows:
Ty-term:
=11, 1 p R
ML = 1 @ o (MET )
Equating the exponents of M, L and T respectively. we get:

For M: O=¢ +1

ForL: O=ay,+b -3¢, +1

For T: 0=-b -2
Ttlft?l'lll:

My = 12,72 p%2 .0
M = 1% (rT Yo oy ur T
Equating the exponents of M, L and T respectively. we get:

For M: 0=¢,*1

For L: 0=a,+h,—3c,-1

For T: =-b,—1

c=—1lb=-1

and. ay==-by+t3+1=1-3+1=-1

Substituting the values of a,, b,, and ¢, in 7,. we get:

. i L

Ty-term:

o= 1% ¥ p% g

MIOT® = 1% (LT Hs . (M. (1T -

Equating the exponents of M, L and T respectively. we get: Yourway re success.
For M: 0=0c4
For L: O=a;+b;—3c; 11
ForT: 0=-by-2
e =0:b;=-2
and., a;=—b;+3c;-1=2+0-1=1
Substituting the values of a5 . by. and ¢; in 7. we get:

nE:EI.V’Z.pO.g:%

Step 5. Substitute the values of w,, 71,. 75 in eqn. (iif). The functional relationship becomes:

R n o lg
2 =0
ﬁ[ﬁﬂp' vp’ 2 J

R n lg]

or, S D . -5
Prip ¢[le v?

_ oo 7

e

The above step has been made on the postulate that reciprocal of pi-term and its square root is

non-dimensional.
R=Pvip ap[ﬂ L] (Ans.)

TN
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Using Buckingham’s n-theorem, show that the velocity through a circular orifice
L _ D u
is given by V = 17./2gHe [",pm e
where, Sourwyre sucs
H = Head causing flow,
D = Diameter of the orifice,
u = Co-efficient of viscosity,
p = Mass density, and
g = Acceleration due to gravity

Solution. ¥ is a function of: H, D, |1, p and g

Mathematically. V=FfHDup.g ()

or, [ (V.H.D..p,g) = 0 ..(iD)

.. Total number of variables.n= 6

Writing dimensions of each variable. we have:

V=IT H=L D=L pn=ML'T . p=MI3.g=1T"
Thus, number of fundamental dimensions, m = 3
Number of n-terms = n—-m=6-3=3
Eqn. (ii) can be written as:
S, ) =0 (i)

Each n-term contains (m + 1) variables, where m = 3 and is also equal to repeating variables.
Choosing H,g, p as repeating variables (V being a dependent variable should not be chosen as
repeating variable), we get three m-terms as:

o= HY.ghps v

n, = H2.ghp2.D

m,-term:
n, o= H1.gMp1. ¥
0 2,b, -3 1
ML = 1 e dail ol
Equating the exponents of M, L and T respectively. we get: Yourway re success.
For M: 0=2q
For L: 0 =a +b -3¢, +1
For T: 0= _2b1_1
1
¢ = 0:by=— 2
1 1
and. a = —b T3, -1==+0-1=—=
2 2

Substituting the values of a,, b, and ¢, in 7, we get:

1
n, = HOVI g 2.0 V:ﬁ
T,-term:
n, = H2.ghp>. D
ML = 1% (1% (M2 L
Equating the exponents of M, L and T respectively. we get:

For M: 0=e

ForL: 0=a,+b,—-3¢,+1
For T: 0 =-2b,

c, = 0:b,=0

and. a, = —by,+3¢,-1=-1

Substituting the values of a,. b,. and ¢, in 7,. we get:

D
n,=H'.g". " D=2
5 g.p =
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my-terms:
7y o= HY ghphon
M = 1% @I e M
Equating the exponents of M, L and T respectively. we get:

For M: 0=¢"1
ForL: 0=a;+b;—3¢;—1
For T: 0 =-2b-1

1
c; = —1: bzz—a

1 3
and. ay = —by+3c;+1=—--3+1=-—
2 2

Substituting the values of a;. by, and ¢; in 715, we get:

n=—t
HS/'QP.J;

S
Hp\fgH HpV.gH
-k . w —V =T
HpV 1 - {—gH 1
Substituting the values of 7,, 7, and 7, in eqn. (7il). Wwe get:

1’4 D
A

JQ‘H"HW'

ny = O

(Multiply and divide by )

or. £ ] 2.—” My
ferr H Hp¥
. - Jremel 2. P
or, 4 2eH ¢[ H oVH ] ..Proved.
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(Muitiplying or dividing by any constant does not change the character of m-terms). —

Show that the lift FL on airfoil can be expressed as
VD
F;, = pVZdZQ) <pT, a
where, p = Mass density, V= Velocity of flow, d=a characteristic depth, a = Angle of
incidence, and pu = Co-efficient of viscosity.

Solution. Lift F; is a function of: p. ¥.d. 1L, o
Mathematically. F, = f(p.Vd p o (0)
or, S Fpp.Vdupa) (i)
. Total number of variables, n= 6
Writing dimensions of each variable. we have:
F, = MLT p=ML* V=LT . d=L p=ML'T", a =M LT
Thus, number of fundamental dimensions, m = 3
Number of a-terms = n—-m=6-3=3
Eqn. (i) can be written as: f| (1, T, 1) =0 -..({ii)

Each ni-term contains (m + 1) variables. where m = 3 and is also equal to repeating variables.

Choosing d. ¥ and p as repeating variables. we get these n-terms as:
o= dl. PhLpc .F,
T, = d2. Paps
m o= dS.PpS
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my-term:
m o= d%. P F,
ML = 1% @Y e LT
Equating the exponents of M, L and T respectively. we get:

For M: 0=¢e+1

ForL: 0=a,+b -3¢, +1
For T: 0=—-b -2

y ¢ = -lib=-2

o a, = —-b+3¢-1=2-3-1=-2
Substituting the values of a,. b, and ¢, in 7, we get:

T :d'Z.V’Z.p_l.FL: s

szd2

m,-term:
o= d2. Ppe
MIT® = L% (TN (ML (MY
Equating the exponents of M, L and T respectively, we get:

For M: 0=c71
For L: 0=a,+b,-3¢,—-1
For T: 0=-b-1
¢ =—-1lib=-1
and, ay = —b,+3¢,+1=1-3+1=-1
Substituting the values of a,. b, and ¢, in 7, we get:
T, =da'.vt.pt. :p%

1

T,-Term:
= d . P p% L a
M7 = 1% s (e Pt

Equating the exponents of M, L and T respectively, we get:

For M: 0=10c+0

For L: 0=a,+by—3¢,+0
For T: 0=—-by;+0

- c; = 0:b;=0

and, ay = —=by+3e,=0

Substituting the values of a,, b;and ¢; in 71, we get:
a=d. P p".a=a
Substituting the values of ;, 7, and 7; in eqn. (iii). we get:

f. F_opyvd
1 szdz’ u B
F;L 7 = ¢(—de,ﬁl]
pVod K
or. F, = pFid*p (%,a‘] .Proved.
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Dimensional Analysis is a powerful technique in fluid mechanics used to simplify complex
physical phenomena by analyzing the dimensions of variables involved. The primary method, the
Buckingham = theorem, identifies dimensionless groups from the variables influencing a
system. These groups, such as the Reynolds number, Mach number, and Froude number,

characterize fluid behavior and flow regimes.
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